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(Very short) Introduction

Project-based learning (PBL) is a teaching approach that engages students in
sustained, collaborative real-world investigations. Projects are organized around a
driving question, and students participate in a variety of tasks that seek to
meaningfully address this question.

Projects can be complex tasks, based on challenging questions, problems, events
and or activities, that involve students in the design, implementation, reflection,
problem-solving and decision making that give students the opportunity to work
collaboratively and independently over a period of time, that concludes with a realistic
product, presentation, activity or event.

Characteristics: Requiriments to students:

. Projects are central and not peripheral tothe - Think critically, creatively, and collaboratively,
curriculum; . Access the knowledge in the disciplines,

. PBL are focussed on questions or problems . Develop effective oral and written
or activities that “drive” students to communication skills,
encounter (and struggle with) the central . Apply their learning by designing products and
concepts and principles of a discipline; performances,

. Projects involve students in a constructive . Assess their own learning,

Investigation; . Develop as a self-directed, independent and

. Projects are largely student driven; interdependent learner,

. Projects add value and are realistic and - Integrate technology meaningfully.
authentic (not school like). -
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Mini-PBL project

Teacher data sheet: Teaching Guide

Mini-PBL project

Title

The Title declares most of the project and is probably the first spark to
wake the interest of students.

It must be direct, clear, motivating and descriptive of the real-life issue
which it addresses.

Student data sheet: Learning Guide

SDG attended

Using this UN graphics, we mark such SDG which this project works.

B

Title It must be direct, clear, motivating and descriptive of the real-life issue
which it addresses.
SDG attended Using this UN graphic, we mark such SDG which this project works.
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Content units

The project may cover 2 or 3 content units, as minimum. As the
course advances, more units can be considered, but we may take care

Content units

The project may cover 2 or 3 content units, as minimum.

not to design a too long activity. Sessions Number of sessions in the classroom we dedicate to work on this
The key concept to attend is the spiral curriculum strategy, focusing the project.
review processes to recover students on risk to fail, and remark the
connection between the content units of the course. Hours of The students may know in advance that, in general, all the projects will
. autonomous require autonomous work, following the ECTS metric.
Sessions Here we advance the number of sessions in the classroom we
) . . . work
dedicate to work on this project. However, the students may know in
advance that, in general, all the projects will require autonomous work, ICT tools tobe | As example, we should provide a list like this:
following the ECTS metric. S B v
used - Graphics: explicit, implicit, 2D, 3D,...
Hours of Here we may pay special attention and be careful not to generate an / - Solving equations and/or systems: graphically, numerically,
autonomous overtasking project. This is relevant since if you don’t measure this — algebraically, ...
work autonomous part, the students’ attitude and performance wi - Calculus calculator: derivatives, integrals,..
seriously affected. The exceed of work out of clas - Vector and matrix calculator: graphically, numerically, ..
another subjects, impact negatively on th
and, m 3 Context: This section is where the project is presented to the student. The
displ il writing, project introduction, the core topic and all the information will help students to
%‘:EC L. E‘:F]- estatement allocate the tasks and problems posted late.
The This is a workshop.. 9 : —
Blwe . @ this ba Tasks and List the problems/tasks in difficulty crescent order.
et S0, let’s start to learn %" | | problems Activity 1
both ) nal control Problem 1.1
of th . - Problem 1.
by working! - Problem 1.2
Competences | Your ur
to be stude //jec:t should Activity 2:
developed belisted—7— 77 77— 77 70— |

Recall always the sense of competences, don't mix with contents to be




INDUSTRY, INNOVATION
AND INFRASTRUCGTURE

Exercise 1: Yeast (logistic) growth
N

In this exercise,

you are
Level: 1st-2"d year undergraduate student: To be

. solved in this
Studies: STEM K workshop y
Key math contents: Data analysis: linear regression; ODE: Logistic
equation; Fitting data.

INDUSTRY, INNOVATION GOOD HEALTH

SDG related: B ML

e
AND PRODUCTION

. Mathematics Sustainability
Competences. . Thinking mathematically . Systems thinking competency
. Modeling mathematically . Critical thinking competency
. Posing and solving mathematical . Integrated problem-solving
problems competency

Making use of aids and tools

ICT tools: DESMOS, Google Calc, Generative Al

Activities: . On SDG dimension: 3

. On mathematical dimension: 5
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INDUSTRY, INNOVATION
AND INFRASTRUCGTURE

& Exercise 1: Yeast (logistic) growth

Yeasts are tiny but mighty organisms that play a crucial role in many aspects of our
lives, especially in food production. Here's why they are important:

Ve Food and Beverage Production: Yeasts are essential for the
AN PRODUCTION fermentation process, which is used to produce a variety of
m alcoholic beverages like beer, wine, and cider. In these processes,
yeast consumes sugars and converts them into alcohol and
carbon dioxide. They are also key to baking, where yeast
fermentation causes dough to rise, resulting in fluffy breads and
WD WELLSENG pastries.
M /‘ . Nutritional Value: Some types of yeast, like brewer's yeast, are a
good source of vitamins, particularly B vitamins, and protein.

Medicine: Yeasts are used in the production of some medications,
such as insulin.

. Biofuels: Certain yeast strains can be used to produce biofuels,
which are renewable energy sources derived from organic matter.

. Scientific Research: Because of their relatively simple cell
structure and rapid reproduction rate, yeasts are widely used as
model organisms in scientific research.

\Aith tha haln nf- W
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Yeasts, due to their well-defined growth patterns and ease of study, have become a
favorite subject for mathematical modeling of microbial growth. Here are some
common models used to describe yeast growth:

. Logistic Model: This classic model, developed by Pierre- p
Francois Verhulst, represents a population's growth initially at / ! 1
an exponential rate, but eventually slowing down and reaching a /
carrying capacity limited by available resources | x

(https:/pubmed.nchbi.nim.nih.gov/35033338/).

. Gompertz Model: This model is useful for describing yeast
colony growth on solid surfaces like agar plates. It captures the
initial slow growth phase (lag phase), followed by an exponential \ S
growth phase, and finally a stationary phase where growth Tt vt of popotion
plateaus due to limitations (https://pubmed.ncbi.nim.nih.gov/25099389/).

X

d) Depensatory growth I

. Mechanistic Models: These more complex models delve
deeper into the biological processes underlying yeast growth.
They consider factors like nutrient uptake, cell division rates,
and even toxin production by some yeast strains
(https://www.sciencedirect.com/science/article/pii/S0166445X20304872).

The choice of model depends on the specific aspect of yeast
growth being studied. Simpler models like the Logistic model oo o2
pravrde—a—gwd—swmwg—pmm—whﬂe—wmplex—mechamsm—
models offer more detailed insights but require more data and

computational power.
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Consider the growth of a population of yeast. Researchers
collected the data in Table 1 from a yeast population grown in
liquid culture, measuring the population size (in number of
individuals per mL of culture) at different points in time (in
hours). Figure 1 is a scatter plot of these data.

© Knorre / Shutterstock.com

Table 1
Time Pop. size Time Pop. size
(h) | ( X10°/mL) || (h) | ( X10°/mL)
0 0.200 19 209 N4
1 0.330 20 190 300+
2 0.500 21 210 N
3 1.10 22 200 T 250l
4 1.40 23 215 2 ) . .
5 3.10 24 220 5200__ A
6 3.50 25 200 X et )
7 9.00 26 180 o -
8 10.0 27 213 g 150+
9 25.4 28 210 g .
10 27.0 29 210 & 1007
11 55.0 30 220 . .
12 76.0 31 213 50+ .
13 115 32 200 oo
14 160 33 211 coonpe®® : : : : .
15 162 34 200 0 5 10 15 20 25 30 35 ¢
(hours)
16 190 35 208
17 193 36 230 FIGURE1 A scatter plot of the data in Table 1
18 190

1. B. K. Mable et al., “Masking and Purging Mutations following EMS Treatment in Haploid, Diploid, and
Tetraploid Yeast (Saccharomyces cerevisiae),” Genetical Research 77 (2001): 9-26.



Logistic Differential Equation

The Logistic Differential Equation is a mathematical tool used to model population
growth that takes into account resource limitations. Here are the key fundamentals:

AN N\ o
—_— — f'( | — N J"I"l"”” — | 'rl;.
dt % K

. Population Change: It describes the rate of change of a population (dN/dt) over time
(dt). This rate of change is represented by a derivative.

. Growth Proportionality: The rate of change is proportional (r) to the current population
size (N). This means that larger populations tend to grow faster (but not infinitely).

. Resource Limitation: The equation incorporates a factor that slows down growth as the
population approaches a carrying capacity (K). This carrying capacity represents the
maximum population sustainable with available resources (like food or space).

. Logistic Term: The term that considers resource limitation is typically (1 - N/K). This term
approaches zero as the population (N) gets closer to the carrying capacity (K), reducing
the growth rate.

. Exponential Growth: When the population is small relative to the carrying capacity (N <<
K), the (1 - N/K) term is close to 1, and the growth rate is approximately proportional to
the population size (rN), resembling exponential growth.

By solving this differential equation, you can obtain mathematical functions that de¥cribe
how the population grows over time, reaching an equilibrium at the carrying capacity.



The logistic growth equation was first

Logis.tic dN(1) 1 — rl1 - ﬁ proposed by Dutch mathematical biolo-
Equation dt  N(1) K gist Pierre-Frangois Verhulst in the
1840s as a model for world population
| | growth.
NA (X 10° cells/mL)
300 1
Solution (without know the parameters):
250 4
R KN,
o N(t) = 5— t
150 1
100 lim N(t) = K.
[—oC
504
0 5 30 N

(hours)
Resolution of the equation is
the standard procedure.
Our aim is the construction of
the equation (i.e., determinate
N r and K) for this real case. )
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Goal of Excercise 1.
Design a mini-PBL based
on the Logistic equation

. What do we mathematically identify
in these table?

. What math activities can we
construct?

. What SDG can be attended by these
mathematical activities?

. What activities on SDG dimension
can we produce?

. Which competences can we
address in our T&L process?

o unas Your turn

N A

300+

2504

200+

150+

100+

50+

(X 10° cells/mL)




First analysis: Incomplete

Our view/solution:

Births Population Deaths AN ( t)
-~ | size - . BN(t) — uN(t)= rN(t) == N(t) = Ce"
BN() Nt U0 !
N(0) = 0.200 ==) C = 0.200
dN(t) 1 — 1 N(f) — 0 280.5.'
dt  N(1) w—@=1ﬁs=& =e¢ mm) r=1In165=0.5 |
0 0200 Ce"° : -
Growth rate per capita
CONSTANT In perspective, an obvious biological
. reason for this discrepancy is that the
N4 (X 10" cells/mL) model assumes that the per capita
3001 growth rate remains constant r,
irrespective of population size.
250 +
. . y In reality, as population increases,
2001 L overcrowding and resource
e . depletion can be expected to cause
1501 o the per capita growth rate to
decrease as population N increases.
100+ Which model do we choose?
501 dN N Logistic
. dt K

10 15 20

...we apply areduction over
rwhen N increase

t
(hours)

To the exponential

25 30 35
growth....



dN N

dt

Solution: Separable Var. Equation

[ a =.‘rdr. —>
(1 = N/K)N . j N
In|N| —In|K - N|=rt+C N

In K;N =—rt— C

Logistic EqQ.: —=r(l—E)N N(0) =

: )a’N - j rdt
- N
K
N(t) =
(1) 1 + Ae™™
where A = k=N
No
KNy
N(t) — —rt
N[} -+ (K — NQ)E
lim N(¢t) = K is the limit
e capacity of the

System 12/




Second analysis: Logistic solution
Nva(x 10°celismry [T we continue the above curve, the S-shape that fits the data gives us

300+ an idea of the logistic expression of the best solution that approximates
the data.
2501 KEY IDEA 1: We look for a
. . - relationship where the per capita
200 — "7 growth rate decreases as N increases,
‘ we choose linear decreasing model:
1501 Logistic Eq.

100+

dN() 1 r(l - ﬂ)
dt N(1) K

50+
V(1)

25 30 35 1

The logistic growth equation was first
proposed by Dutch mathematical biolo-

gist Pierre-Frangois Verhulst in the K 0<Ny,<K/2
1840s as a model for world population P '
growth. K2 <Ny<K
0 »
0 t

) Solution curves of the
logistic equation % = rN(1 — N/K)
for different initial values Nj.




KEY IDEA 2: We operate with the expression N/(K-N) without yet knowing the paramet

(R N (O, 10
ND T (R - NU)E_H K — N(f) K — Nﬂ-l-(ff}—Nﬁa)e—?‘t
(K — Np)e

|
VS
3:
=
5
N~
m‘i

We are now going to use the

N(f;) Ny experimental data to look for
In (K N(f)) = In (K ~ ) + 1t = C +rt | these two parameters, r and K.
_ N(t ) )

. Step 1: We calculate the table of In(N/K-N) values for different values of K,
which we get from the trend of the data for large t values.

. Step 2: We fit the data by regression and choose K so that we have the best

estimate. This step is where the linear trend of the data materialises (what we
were looking to confirm).

. Step 3: With K fixed, linear regression gives us the value of r that determines1s/
the logistic model that best fits the da



In(N/(K-N)) frente a t para t<20 In(N/(K-N)) frente a t para todo t
] 0,551*x + -704 Rz = 0,977 ® 0,302% + -4 8 R* = 0,804
5 - 10
[ ] ]
(P 5 . =9 ¢
_ 0 m . _ e%e o te 0 ® .'I ® N
= = 'Y ! *
® *~? %0 .
= [ S ] = .l
Z o 2 Y
= i= L L
— -5 .. '. . .
® ] 5 a®
1Y
-10 -10
5 10 15 20 0 10 20 30
t
K= 207
r= 0,55
0 0,2 -6,941190055 0,2 N(t) = 0.2 220077 : 06 22 T
1 0,33 -6,430785943 0,3464051004 2t ( Y )8 ’
2 0,5 -6,023447593 0,5996720045
3 1.1 -5,232080434 1,037180124 N(t) y Solucion
4 14 -4.080460297 1,701115045 o N ® Solucién
5 3.1 -4,186227566 3,084883085 250
6 1.5 -4 062903036 5,289086239 .
7 0 -3,091042453 8,008729427 . °
: J 200 l.'.tl".lli."‘l'
8 10 -2,980618636 15,11525903 1 A
9 254 11,067057202 24 86712058 e ¢ @
10 27 -1,807119985 39,61175378 150 °
11 55 -1,016547336 60,2089107 o
12 76 -0,5444630829 86,01272848 100
13 115 0,2231435513 114,2668222 H
14 160 1,225026214 140,986728 50 p: L
15 162 1,280033845 162,9739873 1
16 190 2,413810728 179,0877427 Vbhassanna®
17 103 2,623632850 180,0218052 0 10 20 30




. SDG related: ?7? are professor:
. Competences: ?? this workshop y
. ICT tools: ??

. Activities: ??

Exercise 2. Air Quality Index

. Level: High School (2" year) — 15t year undergraduate

. Studies: STEM

. Key math contents: ?% N

In this exercise, you

To be completed in
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Exercise 2: Air Quality Index

https://www.airnow.qgov/aqgi/aqi-

basics/
Air Quality Index (AQI) Basics

Verslén en Espaiiol

What is the U.S. Air Quality Index (AQI)?

The U.5. AQI is EPA's index for reporting air quality.

How does the AQI work?

Think of the AQI as a yardstick that runs from 0 to 500. The higher the AQI value, the greater the level of air pollution and the greater the health concern. For example, an
AQI value of 50 or below represents good air quality, while an AQI value over 300 represents hazardous air quality.

For each pollutant an AQI value of 100 generally corresponds to an ambient air concentration that equals the level of the short-term national ambient air quality standard
for protection of public health. AQI values at or below 100 are generally thought of as satisfactory. When AQI values are above 100, air quality is unhealthy: at first for
certain sensitive groups of people, then for everyone as AQI values get higher.

The AQI is divided into six categories. Each category corresponds to a different level of health concern. Each category also has a specific color. The color makes it easy for
people to quickly determine whether air quality is reaching unhealthy levels in their communities.

AQI Basics for Ozone and Particle Pollution

Dally AQI Color Levels of Concern Values of Index Description of Alr Quality
Yellow Moderate 51 to 100 Alr quality Is acceptable. However, there may be a risk for some
people, particularly those who are unusually sensitive to air
pollution.

Orange Unhealthy for Sensitive Members of sensitive groups may experience health effects. The
Groups general public Is less likely to be affected.
Unhealthy 151 to 200 Some members of the general public may experlence health effects;
members of sensitive groups may experience more serious health
effects.

Purple Very Unhealthy 201 to 300 Health alert: The risk of health effects Is increased for everyone.

Maroon Hazardous 301 and higher Health warning of emergency conditions: everyone Is more likely to
be affected.
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Air Quality Index (AQI/IMECA Index (Mexico)

60 120 220 320 800
Hg/m?* ug/m“ ug/m“ uglma Hg/m?*
PM, . |

Promedio de 24 hrs  ©

161 IMECA JWé IMECA 24 IMECA
242 ug/m®  272ug/m® 386 ug/m®

Precontingencia Fasel Fase II
161 IMECA 241 IMECA
177 ppb 265 ppb
Precontingencia Fase II
55 110 léfl 220 550
ppb ppb PP ppb ppb
OZONO | 4, L f l I
Promedio de 1 hora ! [ | |
191 IMECA
210 ppb
Fase I

Air Quality Index

Good Moderate Unhealthy Unhealthy Very Hazardous
for Sensitive Unhealthy
Groups

Parts per billion (ppb) is a unit of measure by which concentration is measured. It refers
to the number of units of a given substance (agent, etc.) per billion (10°) units of tﬂffl
whole.



Goal of Excercise 2:
Design a mini-PBL on the AQI
scores

Tips:
. What do we mathematically identify
in these table?

. What math activities can we
construct?

. What SDG can be attended by these
mathematical activities?

. What activities on SDG dimension
can we produce?

. Which competences can we
address in our T&L process?

o unns Your turn

ulas menores a 10 micr: 0s (PM10)
PM10
IMECA pom’
0-50 0-60
51-100 61120
101-150 121-220
151-200 221-320
»200 »320 _
Particulas menores a 2.5 micrometros (PM2.5)
PM, 5
IMECA poim’
0-50 0-154
51-100 15.5-40.4
101-150 405654
151-200 6551504
>200 >150.4
Ozono (03)
O
IMECA ppm
0-50 0-0.055
51-100 0.056-0.110
101-150 0.111-0.185
151-200 0.166-0.220
»200 »0.220
Didxido de Nitrogeno (NO2)
NO,
IMECA ppm
0-50 0-0.105
51100 0.106-0.210
101-150 0.211-0.315
151-200 0.316-0.420
>200 »0.420
Dibxido de Azufre (S02)
S0,
IMECA ppm
0-50 0-0.065
51-100 0.066-0.130
101-150 0.131-0.195
151-200 0.196-0.260
=200 >0.260
Monoxido de Carbono (CO)
CO
IMECA ppm
0-50 0-550
51-100 5.51-11.00
101-150 11.01-16.50
151-200 16.51-22.00
*»200 »2200




Our view/solution:

1. On SDG dimension: Lef’s take a look the situation all around the World
on this AQL,

Activity 1.1: What are the most harzadous zones in the Planet right now?
And which one is closer to your location?

Activity 1.2: What are the most significant impagt an health of the differents
levels of the AQI?

2. On mathematical dimension: To publish all the real-time indicators of
AQI all around the World, it is necesary to establish the rules of translation
from each pollutant measure into the AQI level, Qur goal is construct such
rules hy simple linear equations.

Activity 2.1: Let's take a ook on the measures of the pollutants.
a) What does pollutant rup in the biggest range?
b) Which one dogs in the smaller?
c) Have all the pollutant intervals with the same size?
Activity 2.2: Let'’s start studying two particular cases.

a) O:and SO: have a common singulaity en e range of intervals tha
correspond to each AQL

b) Study and compare these two cases and describe this similarity,
c) Whatis the situation with respect the others pollutants?
Activity 2.3:
a) Copstruct the rule of transformation of the ranges of pallutant O: ang
SO: to the conresponding AQVIMECA scales,
b) Explain the relation of Activity 2.2 with the results oblained.
c) Draw hoth equalions using a graphic ©ol,
Activity 2.4:
a) Copstruct the rule of transformation for PMzs (or NO:).
b) What charactefistics of the data make some equalions so similar?

c) What are the equal/different parameters in each pollutant?
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51-100 61120 I[PMyg= C{PMo ™ 5/6
101-150 121-220 i i
151-200 221-320 I[PM10)= 40+C[PM10)* 0.5
< >320 I[PM10] = CIPM10) * 518

Particulas menores a 2.5 micrometros (Pnz.s)
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IMECA pgam’ Ecuaciones
0-50 0154 IPM2.5]= C|IPM25)* 50154
51-100 15.5-40.4 IPM2.5]= 20,50 « C [PM2.5] " 49/24 9
101-150 405654 IPM2.5]= 21.30 « C[PM2.5)* 49/24 9
151-200 65.5-150.4 PM2.5]=113.20 + C[PM2.5)* 49/84 9
>200 >150.4 I[PM2.5] = C[PM2.5) * 201/150.5
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[[CO) = 1.82 + CICO)] " 49/5.49
I[CO) = 2.73 + C(CO] * 49/5.49
IICO) = 3.64 + C|CO) * 49/5.49
I[CO) = C{CO] * 201/22.01




